This paper considers Legendre spectral finite elements (LSFEs) for linear and nonlinear elastic deformation of composite beams. LSFEs are high-order Lagrangian-interpolant finite elements with nodes located at the Gauss-Lobatto-Legendre quadrature points. Geometrically exact beam theory (GEBT) is adopted as the theoretical framework, where coupling effects (which usually exist in composite structures) and geometric nonlinearity are taken into consideration. Preliminary results are shown for two example problems. In the first example, the planar linear deflection and natural frequencies of a tapered beam are calculated with LSFEs and with first-order finite elements found in a commercial code. In the second example, the planar nonlinear deflection of a beam subjected to a tip moment is examined with LSFEs and first-order finite elements. For both cases, the LSFEs exhibit exponential convergence rates and are dramatically more accurate than low-order finite elements for a given model size.
I. Introduction
In this paper, we examine the use of Legendre spectral finite elements (LSFEs) for linear and nonlinear elastic deformation of beams. The LSFE implementation is based on the displacement-based geometrically exact beam theory (GEBT). Through numerical experiments, we compare accuracy of the proposed elements against that of standard low-order finite-element (FE) methods in terms of model size.
Geometrically exact beam theory was first proposed by Reissner, 1 where the governing equations were formulated in an intrinsic form; one-dimensional strains were developed in terms of virtual-displacement and virtual-rotation quantities so that the formulation is not tied to a specific choice of displacement or rotation variables. 2 Simo 3 and Simo and Vu-Quoc 4 extended Reissner's work to handle three-dimensional dynamic problems. Since then, researchers have reported many extensions and applications of GEBT. Ibrahimbegović implemented this theory by considering initial twist and curvature. Linear and quadratic beam elements were used to implement the proposed theory. Ibrahimbegović and Mikdad 6 extended the static implementation to include dynamics. Jelenić and Crisfield 7 implemented this theory based on the FE method, where a new approach for interpolating the rotation field was introduced to preserve the geometric exactness. In contrast to a displacement-based implementation, GEBT has also been formulated by mixed FEs, where both the primary and dual fields are independently interpolated.
2 Recently, Yu and Blair 8 presented the implementation of GEBT in a mixed formulation where Rodrigues parameters were chosen to represent the finite rotation.
LSFEs are high-order Lagrangian-interpolant FEs with nodes located at the Gauss-Lobatto-Legendre (GLL) quadrature points. LSFEs provide the potential for exponential convergence rates, whereas loworder elements are restrained to algebraic rates. While spectral FEs, first developed for fluid dynamics, 9 have seen successful use in, e.g., geophysics, elastodynamics, and acoustics, LSFEs have seen only limited applications for small-deformation structural plate and beam elements (see, e.g., Refs.
10-13 ), and only recently have been applied to large static deformation. 14 Absent in much of the LSFE published work are rigorous efficiency comparisons of the proposed elements with existing low-order elements. However, Sprague and Geers 15 demonstrated that high-order LSFEs can be significantly more efficient than low-order elements for the linear dynamic response of Timoshenko beams. Further, Brito and Sprague 16 showed that ReissnerMindlin-plate LSFEs can be orders of magnitude more efficient than standard low-order elements in linear static-deformation calculations; the LSFEs for dynamic-deformation calculations were also dramatically more efficient. Recently, Xiao and Zhong 14 implemented GEBT LSFEs for the static planar deformation of frames; the LSFEs were shown to be dramatically more accurate (for a given model size) than the BEAM3 (2-node) planar-deformation elements in the ANSYS R commercial FE code. The paper is organized as follows. Section II describes the displacement-based GEBT along with a general FE discretization. Section III describes the specifics of the LSFE implementation. Section IV presents some numerical experiments, and concluding remarks are provided in Section V.
II. Geometrically Exact Beam Theory
This section reviews the geometrically exact beam theory and associated linearized form of the governing equations. The content of this section is included for completeness and can be found elsewhere (see, e.g., Ref.
17 ). Figure 1 shows a beam in its undeformed and deformed states. A reference frame b i is introduced along the beam axis for the undeformed state; a frame B i is introduced along the deformed beam axis. Curvilinear coordinate x 1 defines the intrinsic parameterization of the reference line. In this paper, we use matrix notation to denote vectorial or vectorial-like quantities. For example, we use an underline to denote a vector u, a bar to denote unit vectorn, and double underline to denote a matrix ∆. The governing equations of motion for geometric exact beam theory can be written as
where h and g are the linear and angular momenta resolved in the inertial coordinate system, respectively; F and M are the beam's sectional forces and moments, respectively; u is the displacement of the reference line; r is the position vector of a point along the beam's reference line of the initial state; f and m are the distributed force and moment applied to the beam structure. Notation (•) ′ indicates a derivative with respect to x 1 and(•) indicates a derivative with respect to time. The tilde operator ( •) defines a secondorder, skew-symmetric tensor corresponding to the given vector argument. In the literature, it is also termed as "cross-product matrix." For example, for
The constitutive equations relate the velocities to the momenta and the one-dimensional strain measures to the sectional resultants as
where I and S are the 6 × 6 sectional mass and stiffness matrices, respectively; ǫ and κ are the 1D strains and curvatures, respectively. ω is the angular velocity vector that is defined by the rotation tensor C as ω = axial(Ċ C). For a displacement-based finite element implementation, there are six degrees-of-freedom (DOFs) at each node: three displacement components and three rotation components. Here, we use q to denote the elemental displacement array as q T = u T p T where p is the rotation-parameter vector. The acceleration array can thus be defined as a T = ü TpT . For nonlinear finite element analysis, the discretized and incremental forms of displacement and acceleration array are written as
where N is a matrix composed of finite-element shape functions and (•) denotes a column matrix of nodal values. The governing equations for beams are highly nonlinear so that a linearization process is needed. According to Ref. 17 , the linearized governing equations in Eqs.
(1) and (2) are in the form of
where theM andK are the elemental mass and stiffness matrices, respectively;F andF ext are the elemental forces and externally applied loads, respectively. They are defined as followŝ
The new matrix notations in Eq. (9) to (12) are briefly introduced here. M is the sectional mass matrix resolved in inertial system; F C and F D are elastic forces obtained from Eq. (1) and (2) as
where 0 denotes a 3 × 3 null matrix. The S, O, P, and Q in Eq. (10) are defined as
where ∆ a 3 × 3 identity matrix; operator H is the tangent tensor which relates the angular velocity vector ω and the rotation parameter vector p as
The derivation and linearization of governing equations of geometric exact beam theory can be found in a recent textbook by Bauchau 17 ; a two-dimensional implementation can also be found in Ref.
14

III. Legendre Spectral Finite Elements
In the LSFE approach, shape functions (e.g., those composing N ) are n th -order Lagrangian interpolants, where nodes are located at the n+1 GLL-quadrature points in the [−1, 1] element natural-coordinate domain. Finite-element inner products in Eqs. (9)- (12) are solved with nodal quadrature, which provides "consistent" diagonal mass-type matrices, but is exact only for inner products involving polynomials of order 2n − 1 or less. As such, assuming a constant Jacobian over the element, nodal quadrature is inexact for Eq. (9) and the first term in Eq. (10). However, beam elements (for linear deformation) derived with nodal quadrature have been shown to be highly efficient and locking free.
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IV. Numerical Examples
A. Example 1: Linear Analysis of a Cantilever Beam
In this section, a tapered cantilever beam is analyzed based on linear Timoshenko theory, which is derived by dropping nonlinear terms from the beam theory introduced in the previous sections. We examine first the in-plane static deflection of a beam under a tip load; a schematic of the system including properties is shown in Figure 2 . A benchmark solution was obtained with 4000 BEAM188 elements in ANSYS R . The BEAM188 elements employed first-order basis functions (two-nodes per element), one-point reduced quadrature, and first-order shear deformation. LSFEs were implemented with nodal quadrature. In our method comparison, model refinement with BEAM188 elements is accomplished by increasing the number of elements spanning the beam (i.e., h refinement). Alternatively, a single LSFE is used to model the beam, and model refinement is accomplished by increasing the polynomial order of the element (i.e., p refinement). 
and u is the test solution and u b is the benchmark solution. The BEAM188 model shows the expected secondorder convergence rate. The LSFEs (with p refinement) exhibit highly desirable exponential convergence to machine-precision error. We also used numerical experiments to search for evidence of shear locking for a straight beam with LSFEs as h/L → 0 and with b fixed; solutions examined for 10 −5 ≤ h/l ≤ 10 −1 were found to be locking free. In our second analysis of the tapered Timoshenko beam, we calculate the first two natural frequencies with models that are the same as those used in the static-analysis case. The benchmark solution was calculated in ANSYS R using 16000 BEAM188 linear elements. Figure 4 shows the normalized error of the first two natural frequencies, ǫ(ω 1 ) and ǫ(ω 2 ), respectively, as a function of the number of model nodes. Again, the BEAM188 model showed second-order convergence, while the LSFE model with p-refinement was highly accurate and rapidly converged to machine precision. 
B. Example 2: Nonlinear Analysis of a Cantilever Beam
The second example is a nonlinear static analysis of a cantilever beam subject to a bending moment at the free tip; see Figure 5 . This is a common benchmark problem for geometrically nonlinear beam analysis.
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For properties listed in Figure 5 , the benchmark solution for in-plane (two-dimensional) displacement is shown in Figure 6 . Again, we compare the accuracy of LSFEs with that of first-order finite elements for a moment-magnitude parameter of λ = 1.5π.
Our two-dimensional LSFE implementation closely follows that described in Xiao and Zhong.
14 A standard Newton-Raphson solver is employed, which requires an explicitly defined tangent stiffness matrix. Newton-Raphson iterations were performed with the full load applied, and were continued until the relative error was reduced to 10 −5 . Solutions for the first-order FEs were calculated with an enhanced three-dimensional implementation of GEBT, 8 where rotation is represented with the Wiener-Milenković parameters 19 allowing rotation up to 2π. The nonlinear system for the first-order FEs was accomplished with a line-search algorithm for accelerated convergence rates. 
V. Conclusion
In this paper, we reviewed the geometrically exact beam theory and its discretization with Legendre spectral finite elements. Because solutions for elastic beam deformation are inherently smooth, LSFEs are very well suited and exponential convergence rates are expected. Indeed, for the linear-and nonlineardeformation case examined, exponential convergence rates were observed. Further, the LSFEs were seen to be free of shear-locking effects. In the comparisons of LSFE and low-order-FE accuracy, it was shown that the LSFEs are substantially more accurate for a given model size.
In future work, we will compare LSFEs with low-order FEs in "apples-to-apples" comparisons where implementations are effectively equivalent, and the methods can be compared directly on accuracy vs. computation time. It is expected, however, that the LSFEs will greatly outperform low-order elements as in previous linear-elastic studies with Timoshenko beams 15 and Reissner-Mindlin plates. 
